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The time-dependentangulardistributionsof decaysof neutralB mesonsinto two vector mesonscontain

information
�

about the lifetimes, massdifferences,strongand weak phases,form factors,and CP
�

violating	
quantities.
 A statisticalanalysisof the informationcontentis performedby giving the ‘‘information’’ a quan-
titative
�

meaning.It is shownthat for someparametersof interest,the informationcontentin time andangular
measurementscombinedmay be ordersof magnitudemore than the information from time measurements
alone� andhenceangularmeasurementsarehighly recommended.Themethodof angularmomentsis compared
with
 the � maximum� likelihood methodto find that it works almostas well in the region of interestfor the
one-angle� distribution. For the completethree-angledistribution, an estimateof possiblestatistical errors
expected� on the observablesof interestis obtained.It indicatesthat the three-angledistribution,unraveledby
the
�

methodof angularmoments,would be able to nail down many quantitiesof interestand will help in
pointing� unambiguouslyto new physics. � S0556-2821

� �
99
� �

00307-0�
PACSnumber� s� � : 13.25.Hw,11.30.Er

I.
�

INTRODUCTION

Among
�

the availablemethodsfor studyingCP violation,�
the
�

decaymodesof B
�

mesons into two vectormesons,both
of! which decayinto two particleseach,are very promising
mainly becauseof the largernumberof observablesat one’s
disposal
"

throughthe angulardistributionsof the decays# 1$ .
A
�

disadvantageof havinga largenumberof observablesmay
be
%

thedifficulty in separatingthemfrom oneanotherbecause
of! the correlationsbetweenthem. The method of angular
moments& 2,3' helpsin extractingthe observablesfrom the
angular� distributionsby using judiciously chosenweighting
functions.From the time evolutionsof theseobservables,it
is then possibleto extract information about the lifetimes,
mass differences,strongandweakphases,form factors,and
CP violating� quantities.

Here
(

we will concentrateon decays of the type B
�

) V1(
* +

X1Y 1)
,
V2
- (* . X2

- Y 2
- ), , whereB is a neutralB meson,

V1 and� V2 are� vectormesonsandX
/

1 ,0 X/ 2 ,0 Y 1 ,0 Y 2 are� the four
final stateparticles.We shall illustratethetechniqueby using
the
�

particular decay B
�

s1 2 J
3
/
4 5

(
* 6

l
7 8

l
7 9

)
, :

(
* ;

K
< =

K
< >

)
,
. The

other! decaymodesof the form B
� ?

VV might havedifferent
angular� distributions,and the methodof angularmoments
will@ need corresponding different weighting functionsA
which@ canalwaysbe found B 3C DFE ,0 but the observablesin all

these
�

decaymodesarethe same.In addition,B
�

s1 G J
3
/
4 HJI

de-
"

cayK holdsthepromiseof beingableto measurethe lifetimes
of! Bs1H and� Bs1L separatelyL and, if this lifetime differenceis
sizableL M as� estimatedin N 4O PFQ ,0 the prospectof measuring
CP-violating quantitiesevenwithout tagging R 5S T . By quan-
tifying
�

the informationcontentin the datawe canjudgethe

relative importanceof the measurementof variouspossible
quantities.U The approachwe haveusedto analyzethe infor-
mation contentmaybeusedin modesof decayotherthanthe
one! we haveconsideredhere.

Generally
V

speaking,in any experimentthe amountof in-
formationobtaineddependsonW

i
X Y

what@ quantitiesarerecordedZ
ii
X [

what@ numericalsummariesof the recordeddatawere
used\ ]

iii ^ the
�

numberof datapoints_
iv
X `

the
�

parametervaluesgoverningthe outcomeof the
experimenta

Since
�

only thefirst two areunderthedirectcontrolof the
experimentalist,a we will addressthosetwo issuesin this pa-
per.b We arguethat theexpectedinformationperc observation
available� in theBs1 d J

3
/
4 eJf

decay
"

is substantiallymorewhen
both
%

time andangularinformationareusedinsteadof using
the
�

time information alone. Moreover, we show that the
methodof angularmoments,when usedto summarizeand
estimatea the parameters,is computationallyeasyto imple-
ment and efficient g inX the statisticalsenseh in

X
extractingin-

formation
i

from the data.
In Sec.II, we give the angulardistribution and the time

evolutionsa of the observablesfor the decayB
�

s1 j J
3
/
4 kJl

. The
definition
"

of informationin thedataabouta parametervalue
that
�

we will use is standardin the statisticalliteratureand
will@ bedescribedbriefly in theAppendix.SectionIII outlines
why@ theangularinformationmaybeusefulandthenfollows
up\ with an analytic investigationof the additional informa-
tion
�

in the transversityangleover andabovethe time infor-
mation.In Sec.IV, we discussthe efficiencyof the method
of! angularmomentsby comparingit with themaximumlike-
lihood
m

methodin the caseof the transversityangledistribu-
tion.
�

In Sec.V we carryout a simulationstudyof themethod
of! angularmomentsfor extractingthe relevantparameters
from
i

the threeangledistribution.SectionVI concludes.
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II. ANGULAR DISTRIBUTIONS AND TIME EVOLUTIONS
OF OBSERVABLES

The
w

most generaldecayamplitudefor B
� x

VV takes
�

the
form
i y

6,7
z {

A
|

B
�

q} ~ t� ��� V1V2
- � A

|
0
� � t� �
x� � V1

* L
� �

V2
* L
� �

A
| ���

t� ��� V1
* T �

V2
* T/
4 �

� iA
� ���

t� ��� V1
* ��� V2

* p� ˆ V2
� /
4  

,0 ¡ 1¢
where@ x� £ pc V1

pc V2
/(
4

m¤ V1
m¤ V2

)
,

and p� ˆ V2
is the unit vector

along� the directionof motion of V2
- in
X

the restframeof V1 .
Here
(

the time dependencesoriginatefrom B
�

q} -B̄q} mixing. In
our! notationonly a Bq} mesonis presentat t� ¥ 0.

¦
For angles,we will usethe sameconventionsas in Ref.§

7
¨ ©

; i.e., ª moves in thex� direction
"

in theJ
3
/
4 «

rest¬ frame,the
z­ axis� is perpendicularto thedecayplaneof ®°¯ K

< ±
K
< ²

,0 and
pc y³ (* K ´ )

, µ
0.
¦

The coordinates¶¸· ,0 ¹»º describe
"

the decaydirec-

tion
�

of l
7 ¼

in the J
3
/
4 ½

rest frameand ¾ is the anglemadeby
pc ¿ (* K< À )

,
with thex� axis� in the Á rest¬ frame.With this conven-

tion,
�

xÂ Ã p� Ä ,0 yÅ Æ p� K
Ç ÈÊÉ p� ËÍÌ p� Î p� K

Ç Ï�ÐÑ
p� K
Ç ÒÊÓ p� ÔÍÕ p� Ö p� K

Ç ×�ØÚÙ ,0 z Û x Ü yÅ ,0
sinL Ý cosK Þàß p� l

á â x,0 sin ã sinL äàå p� l
á æ yÅ ,0 cos çéè p� l

á ê z.ë
2
ì í

Hereboldfacecharactersrepresentunitî 3-vectors
C

andevery-
thing
�

is measuredin the rest frameof J
3
/
4 ï

. Also

cosK ðòñôó p� K õö p� J
÷

/
ø ùú ,0 û 3C ü

where@ theprimedquantitiesareunitî vectors measuredin the
rest¬ frameof ý .

With
þ

this convention,the threeangledistributionis given
by
% ÿ

3,7
C �

d
� 3
� ���

B
�

s1 � t� �	� J
3
/
4 
���


l
7 �

l
7 ���������

K
< �

K
< �����

d
�

cosK � d
� �

d
�

cosK �  9
!

32
C " 2 # A0

� $ t� %'& 2 cosK 2 (�) 1 * sinL 2 + cosK 2 ,.-	/ sinL 2 02143 A 576 t� 8:9 2 ; 1 < sinL 2 = sinL 2 >.?
@BA

A
| C2D

t� E:F 2 sinL 2 GIH Im
J K

A
| L* M t� N A| O2P t� Q�R sinL 2 S sinL TIU

V 1W sinL 2 X�Y ReZ A0
�* [ t� \ A ]_^ t� `�a sinL 2 b sinL 2 ced Im f A0

�* g t� h A i.j t� k�l sinL 2 m cosK nIo .

p
4
O q

The
w

time evolutions of the coefficientsof the angular
terms
�

aregivenin TableI. Here r L
� and� s

H
t are� thewidthsof

the
�

light andheavyBs1 masseigenstates,Bs1L� and� Bs1Ht ,0 respec-

tively,
�

and u m¤ is themassdifferencebetweenthem.v¯ is the
average� of w L

� and� x
H
t . Here y 1 z Arg { A |* (0)

*
A } (0)

* ~
and��

2
- � Arg

� �
A
|

0
�* (0)
*

A
| �

(0)
* �

are� the strong phases, and ���� 2
ì � 2 � is

X
relatedto an angleof a � squashedL � unitarity\ tri-

angle� � 8� � ,0 which is very small in the standard model
(
* �

0.03)
¦

. We will denotethe values of A
|

X
� (0)
* �

where@ X
/

��� 0,
¦ �

,0 ��� ), simply asAX in the restof the paper.

The ‘‘transversity angle’’ � separatesL the CP-even and
CP-odd decays.If we integrate over the remaining two
angles� andincludethe time dependenceexplicitly, theangu-
lar distribution in Eq. � 4� becomes

%
d
� 2
- �

d
�

cosK � dt
� �� ¢¡ A| 0

� £ 2- ¤B¥
A
| ¦7§ 2- ¨'© 1 ª cosK 2

- «­¬
e® ¯±° L

² t³
´Bµ

A
| ¶2· 2 sinL 2 ¸ e® ¹±º Ht³ »

5
S ¼

or,! in the form of a normalizedprobability distribution,

TABLE I. Time evolutionof thedecayBs½ ¾ J
¿
/
s À

(
Á Â

l
Ã Ä

l
Ã Å

) Æ ( Ç K È K É ) of an initially Ê i.e. at t Ë 0
Ì

) pure
Bs½ meson.

Observable
Í

Time evolutionÎ
A0
Ï (t) Ð 2 Ñ

A
Ò

0
Ï (0)
Á Ó 2Ô e Õ�Ö L

× tØ Ù eÚ ÛÝÜ¯ tØ sin(Þ mtß ) à	á­âã
A
Ò ä

(
Á
tå )æ ç 2è é

A ê (0) ë 2ì eÚ íÝî Lt
Ø ï

e ðÝñ¯ t
Ø
sin(� ò mt) ó	ô­õö

A
Ò ÷

(tå )æ ø 2 ù
A ú (0)
Á û 2è ü e ýÝþ H

ÿ tØ � eÚ ���¯ tØ sin(� mtß )
� ���
	

Re
� �

A
Ò

0
�* (t)A

Ò 

(
�
t)� � AÒ 0

� (0)
� ���

A
Ò �

(0) � cos(� �
2
� ���

1)� e ��� L
� t ! e "�#¯ t sin($ mt)

� %�&
'
Im( A )* (t)A* (t)+ , A - (0) .�. A / (0)

� 0 1
e 2�3¯ t

 
sin(� 4

1 576 mt)
� 8 1

2(e 9�: Ht
 ;

e <�= Lt
 
)cos(> 1)

� ?�@
A
ImB A0

�* (t)AC (t)D E A0
� (0)
� F�F

A G (0) H I eÚ J�K¯ t sin(� L
2 M7N mt) O 1

2(
�
eÚ P�Q H

ÿ t R e S�T L
� t )cos(
� U

2) V�W
X
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pc [ u\ ,0 t� ]_^ ,0 ` H ,0 a L b�c 3
C
8
d egf L h 1 i u\ 2

- j
e® kml Ltn

o 3
C
4
O p 1 qsrutwv H

t x 1 y u\ 2 z e® {m| H
} tn ,0 ~ 6z �

where@ u\ � cosK � and�
���

1 � 1

2
ì
�

L�
H

�
A ��� 2-�

A
|

0
� � 2- ���

A
| ��� 2- � 1

. � 7¨ �

The
w

correspondingvalueof � in
X

theB
�

d
� � J

3
/
4 �

K
<

* mode is
measured� 9,10

� �
to
�

be0.93� 0.03;
¦

sowith conservativeesti-
mates for the breakingof flavor SU� 3C   symmetry,L the value
of! ¡ is

X
expectedto lie between0.8 and1.0.

III. INFORMATION IN THE TRANSVERSITY ANGLE
DISTRIBUTION
¢

By consideringthe casewhen the time (t� ), and transver-
sityL angle £¥¤§¦ measurements areavailable,we will argue,in
this
�

section,that additional information on ¨ is
X

substantial
and� worth theextraeffort put into theangularmeasurements.
In Sec.III A we will explain what makesthe estimationof©

L ª¬« H hardandwhy gatheringthe transversityangledata
in additionto time is attractive.In Sec.III B we will analyze
the
�

information contentanalytically and determinethe nu-
merical magnitudeof the informationgain.

A. Why collect angular information?

If the objectiveis to estimate­ L ®¬¯ H ,0 which is the dif-
ferencebetweenthe reciprocalof meanlifetimes, one may
ask,� how is it possiblethat the angulardataareuseful?

Let
°

us first consider the estimation of the parameters
when@ we haveonly time informationavailable.In that case
the
�

distributionof the lifetime (t� ), is given by

pc ± t� ²_³ ,0 ´ H
t ,0 µ L

� ¶�·s¸g¹
L
� e® º¼» Ltn ½�¾

1 ¿ÁÀÃÂwÄ H
t e® Å¼Æ Htn ,0 Ç 8d È

which@ is a mixture¤ of! the two lifetimes. With probability É
we@ observethelifetime of a particlewith meanlifetime 1/Ê L

�
and� with probability (1 ËsÌ )

,
we observethe lifetime of a

particleb with lifetime 1/Í H
t . Theexpectationof theobservedÎ

mixedÏ lifetime is Ð /
4 Ñ

L
� Ò (1

* ÓÁÔ
)/
, Õ

H
t . Since

Ö
×

L

ØÚÙ 1 ÛsÜÃÝÞ
H

ß�àgá
L â�ã 1 äsåÃæwç H è

é 1 êsë�ì 1 ísîÃï
ð

H
ñò
L
ó ô

õ
L
óö
H
ñ

2

,÷ ø 9� ù

the
ú

derivedparameterûgü L ý (1
þ ÿ��

)
� �

H � which� we will later
call� �

1)
�

is, to the first order � when� the 	 ’s arecloseto each
other
 � ,÷ thereciprocalof theexpectedmeanobservedlifetime.
Thus
�

theestimationof 
�� L
ó � (1

þ ���
)
� �

H
ñ which� is a ‘‘mean’’

parameter� is not hardevenif we cannot‘‘guess’’ the decay
type.
ú

If we knew what type of decayeachtime measurement
was� coming from, thenwe could estimate� L and� �

H sepa-�

ratelyby usingthereciprocalof thesamplemeanlifetimesof
the
ú

two kinds of decays.We canthenconstructan estimate
for � L ��� H . Given enoughobservationsof both types,we
can� get good estimatesfor the differenceof the lifetimes.
However,
�

the identity of thedecaytype is not known in real
data
�

and statistical procedureshave to, at least indirectly,
guess it aswell aspossiblefrom theavailabledata.Whenthe
two
ú

componentlifetimes are widely different, then the ob-
served� lifetime is a goodclue asto the identity of the decay
type.
ú

However,when the lifetimes are close to eachother,
the
ú

cluesin the time signaturealonearenot decisive.
If only the transversityangle, ! ,÷ is measured,then the

density
�

of the datau\ " cos(� # )� is given by

p$ % u\ &('*),+ 3
-
8
d .0/ 1 1 u\ 2

2 354 3
-
4
6 7 1 8�9*:5; 1 < u\ 2

2 =
. > 10?

The
�

distributionof the anglesis very dependenton the type
of
 thedecay;therefore,by observingtheanglealoneonecan
havea fair ideaasto whatkind of decayhasbeenobserved.
This is why angularinformation is useful,eventhoughit is
not@ directly aboutlifetimes.

As
A

an illustrative example,considerthe casewhen the
two
ú

lifetimes are equally likely, i.e. BDC 0.5
E F

see� Fig. 1G . IfH
H /
I J

L K 1 and only time measurementsare available,then
we� haveno way of ‘‘guessing’’ whatkind of decaywe have
observed.
 This is reflectedin the fact that the aL priori prob-�
ability� M the

ú
probability beforemakingthe measurementN that

ú
the
ú

decayis of the first type is the sameas the aL posteriori
probability� O the

ú
probability after making the measurementP

and� equalto 0.5. On the otherhand,if the decaywidths are
dramatically
�

different, say Q H
ñ /
I R

L
ó S 20, then the time mea-

surement� providesa good clue: if the time observationis
veryT large,thenit is morelikely that thedecayingparticleis
the
ú

one with the smallerdecaywidth, and if the time mea-
surement� is very small, thenit is morelikely that the decay-
ing
U

particlehasthe largerdecaywidth.
If only angularmeasurementsareavailable,thenwhenu\V cos(� W )� is very small or very large,thereis a higherchance

that
ú

theparticlemeasuredwasof thefirst typebecauseit has
an� angular distribution of 3

X
8
Y (1
Z [

u\ 2
\
)
�

which implies more
probability� for large valuesof ] u\ ^ . Note that the power to
discriminate
�

betweenthe two kinds of decayby observing
the
ú

transversityangleis not affectedby theratio of thedecay
widths._ When we haveboth

`
time
ú

and angularinformation,
we_ will be ableto benefitfrom the informationcontainedin
both
a

which will beat leastasmuchasthe informationin the
angle� alone.

Theheuristicideasabovearegraphicallypresentedin Fig.
1. Thexb axis� waschosento bethepercentileof theobserved
data
� c

time
ú

or angle,asthe casemay bed soe that we canplot
the
ú

different scenarioson the samescale.Additionally the
plot� hasthedesirablepropertythatall pointsalongthexb axis�
occurf with equal probability for all four scenariosconsid-
ered.g h This

i
is becausethe percentileof the observeddatais
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just
l

100timestheprobabilitym integral transform1 off thedata
point.� n Thus we can visually look at the four curves and
compareo how much they deviate awayp in either direction
from the line yq r 0.5

s
to get an ideaas to how well the data

predicts� the kind of decay.
The curvecorrespondingto t H /

u v
L w 1.2 whenonly time

is
U

measuredis closerx to
y

the line yq z 0.5
s

than the curve cor-
responding{ to when only angularmeasurementsare taken.
This implies that when the decaywidths are close | for ex-
ample� whenthe ratio is 1.2} ,÷ the information in the angular
data
�

aloneis greaterthanthat in the time dataalone.Only in
extremeg cases,suchaswhenthe ratio of the decaywidths is
20, canwe predictwell on the basisof time alone.

B. Theoretical investigation of information content

In
~

this subsection,we will considerthe problem of ex-
tracting
y

informationfrom a mixtureof two distributionswith
density
�

of observationsof the form

pm � xb � � 1 ,÷ � 2 ,÷ ���,��� g� 1 � xb �(� 1 �,��� 1 ���*� g� 2 � xb � � 2 � . � 11�
Thedatawith or without angularinformationhavethis form
(
�
xb denotes
�

the datafrom a singleobservationandmay be a
vector� � . According to the equationabove, the data come
from
�

the distribution g� 1(
�
xb � � 1)

 
with probability ¡ and¢ from

the
y

distribution g� 2
£ (� xb ¤ ¥ 2

£ )  with probability (1 ¦�§ )
 
. This

setupe is moregeneralthantheonewe have,but it enablesus
to
y

analyzethephenomenonwith greaterclarity andit is also
applicable¢ to data-collectionscenariosother than B

¨ ©
VV.

For the B ª VV case,o «
1 ¬�­ L and¢ ®

2 ¯�° H .
When
±

only time information is available,

xb ² t³ ,÷ g� 1 ´ xb µ ¶ 1 ·,¸�¹ 1 expº »½¼�¾
1t³ ¿ ,÷

g� 2 À xb Á Â 2 Ã,Ä�Å 2 expº Æ½Ç�È
2t³ É . Ê 12Ë

When
±

both time andangularinformationareavailable,

xb Ì�Í t³ ,÷ u\ Î ,÷

g� 1 Ï xb Ð Ñ 1 Ò,Ó 3
Ô
8
d Õ 1 Ö u\ 2

£ ×ÙØ
1 expº ÚÜÛ�Ý

1t³ Þ ,÷ ß 13à

g� 2
£ á xb â ã 1 ä,å 3

Ô
4
æ ç 1 è u\ 2 éÙê

2
£ expº ëÜì�í

2
£ t³ î . ï 14ð

When
±

only time information is collected, the functions
g� 1(
�

)
 

andg� 2
£ (� )

 
are the same.Whenboth time andangular

informationarerecorded,they will be different.
The expectedinformation matrix ñ seee the Appendixò for

the
y

parametersó�ô (
� õ

1 ,÷ ö 2 ,÷ ÷ )
 

canbe found to be

I øúùüû,ý

þ 2
£

A2
£
d
ÿ � ���

1 � � � � � ABd 	 
 ACd �
��


1 ����� ABd � � 1 ����� 2 B2d
ÿ � �

1 ����� BCd �
�

ACd
� �  

1 !�"�# BCd
¨ $

C2d
ÿ %

&
15'

( )+* ,÷ ,.- dÿ / 0
161

1If X
2

is a continuousrandomvariablewith densityfunction f
3

(x4 ), thenthe function F
5

(
�
x4 )
� 6�798;:x< f

3
(t)dt
= >

P(X
2 ?

x4 ) definesthe probability
integral transform.Thenthe randomvariableF(X)

�
is uniformly distributedover the interval @ 0,1

A B
.C

FIG. 1. The ability to guessthe decaytype in four scenarios:
Plots of the posteriorD probabilityE that a decayis of the first typeF
with mean lifetime 1/G L

H ) given only angular information, uI cos(J )� K solid lineL ,M only time data,N H /
O P

L Q 1 R dottedlineS , only
time data, T H /

O U
L V 1.2 W thin dashedlineX ,M only time data, Y H /

O Z
L[ 20 \ thick

]
dashedlinê .

AMOL DIGHE AND ŚAUNAK
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wherea A
� b

g� 1c (� xd e f 1),
 

B
¨ g

g� 2h (� xd i j 2),
 

C k g� 1(
�
xd l m 1)

 
n g� 2(

�
xd o p 2),

 

qsr
t

A
�

u
1 v�w�x B

C
,÷

y
,÷ z denotes

�
outerproductand { d

ÿ |
denotes
�

integrationwith
respectto the measuredx

ÿ
/
u
pm (
�
xd } ~ 1 ,÷ � 2 ,÷ � ).

 

If we areinterestedin the differenceof the two � ’s, then
wea may be interestedin the following derivedparametriza-
tion
y

of the problem:

���
�

1�
2�
3
�

�
���

1 ��� 1 ������� 2
£�

1 ��� 2� .

In that casethe informationmatrix for � willa be

I �����¡  ¢ w£ ,÷ w£ ¤ d
ÿ ¥ ¦

17§

¨

©«ª
A
� ¬�­

1 ®�¯�° B¨ ± 2d
ÿ ²

* *

* ³ µ ´ � ¶1 · ¹ ¸ � º ¼ »2
£ ½

A ¾ B ¿ 2
£
d
ÿ À

*

* * ÁÃÂ«Ä 2
£ Å�Æ

1 Ç É È « ÊA Ë � Ì1 Í � Î � ÏB Ð Ò ÑC Ó 2d
ÿ Ô

,÷ Õ 18Ö

wherea

w£ ×
Ø

A
� Ù�Ú

1 Û¹Ü�Ý B¨Þ�ß
1 à�á�âäã A å B æç«è

2 é�ê 1 ë ì A í�î 1 ï�ð�ñ B ò C

.

The entries marked with an asterisk ó * ô are¢ important;
they
y

areomittedfor the sakeof brevity sincethe qualitative
features
õ

of the information matrix are clear without them.
Careful
ö

inspectionof the entriesin the abovematrix in Eq.÷
18ø revealssomequalitativefeaturesof the dependenceof

the
y

informationcontentin the dataon the parametervalues.
The informationon ù 2 ú�û 1 ü�ý 2 is low whenA þ B orÿ if�

(1
� ���

)
  �

0.
s

If g� 1 � g� 2
£ and¢ �

1 �	� 2
£ ,÷ then A

� 

B
¨

. This is
whata happenswhenwe haveonly time dataandthe two � ’s
are¢ close to eachother. If � 1 
	� 2

£ ,÷ but g� 1 � g� 2
£ ,÷ then this

problem� doesnot occur.In fact, if g� 1 and¢ g� 2 are¢ very differ-
entº functions,thenevenif � 1 �	� 2 ,÷ we canrecoverinforma-
tion
y

about � 1 �	� 2
£ from the data.Whenboth time andp angle¢

data
�

are collected,the componentdensitiesas in Eqs. � 13�
and¢ � 14� are¢ well separatedandthereis a lot moreinforma-
tion
y

on � H
ñ �	�

L
ó than
y

what would havebeenwith time data
alone.¢ If mostof theobservationsarefrom onecomponentof
the
y

mixture, the informationon � 1 �	 2
£ is small, since ! (1

�
"�# )

  $
0.
s

The
%

estimationof &(' L
ó ) (1

� *�+
)
  ,

H
ñ ,÷ on theotherhand,is

not- affectedmuchby the separationof densitiessinceit is a
‘‘mean’’ parameter,asshownin Sec.III A.

As mentionedin the Appendix, the inverse of the ex-
pected� information matrix also gives the approximatevari-
ance¢ matrix of the maximum likelihood estimatesin large
samples.. If I

/
(
� 0

)
 

is the expectedinformation matrix from a
single. sample, nI1 (

� 2
)
 

is the expectedinformation matrix

based
3

on a sampleof sizen1 . Hencethediagonalelementsof
the
y

matrix

V 46587
n1 9 1

n1 : I ;=<8>@?BA 1 C 19D
willa give us the approximatevariance,V(

� E
î)
 
, of the maxi-

mumF likelihood estimates,G î (
�
i
H I

1,2,3), in samplesof size
n1 whena n1 is large.

Let Jˆ i(
�
tK )  denotethe maximumlikelihood estimateof L i

givenM time data alone and let Nˆ i(
�
tK ,÷ uO )

 
denotethe estimate

usingP both time andangularinformation.By calculatingthe
inversesof thecorrespondingexpectedinformationmatrices,
oneÿ cancalculatethe ratios

V Qˆ i R tK S
V Tˆ i U tK ,÷ uO V ,÷

for
õ

i
H W

1,2,3.Figures2–4 show the plots of theseratios for
various� valuesof X and¢ Y

H
ñ /
u Z

L
ó .

Whereas
[

mostof theinformationabout \ 1 is
]

indeedin the
time
y

measurementsasexpected,it canbe seenthat the vari-
ance¢ of theparameterŝ 1 _	` 2

£ and¢ a is
]

ordersof magnitude
higherif we haveonly time informationthanif we hadboth
time
y

and angleinformation.The physicalregion of interest
lies
b

around0.8ced and¢ 0.8f	g H /
u h

L ,÷ wherethe disparity in
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the
y

two valuesof variancesis striking. The width of confi-
dence
�

intervalsis proportionalto the standarderror which is
the
y

squareroot of the varianceof the estimator.Since the
variance� of maximumlikelihood estimatesand the moment
estimatesº are inversely proportional to the numberof data
points,� the ratio of thenumberof datapointsneededto have
confidencek intervalsof a given length,with time dataalone
insteadof time and angledata,is equalto the levels of the
contoursk in Figs.2–4. Looking at theupperright handcorner
ofÿ the plot in Fig. 3, we can seethat with the inclusion of
angular¢ information,thesamplesizesrequiredfor estimation
ofÿ l

L
ó m	n

H
ñ to
y

a desiredlevel of accuracywill be smallerby

a¢ factor of at least 10 times or even more than 100 times
comparedk to thoserequiredwith the time informationalone.

Analysisof the datausing the angularinformationavail-
able¢ is, therefore,highly recommended.

IV. METHOD OF ANGULAR MOMENTS
FOR EXTRACTING INFORMATION

Becauseof the optimality propertiesthat the maximum
likelihood estimatesenjoy in large samples,the methodof
maximumF likelihood is widely used.Thelikelihood function,
indeed,
]

containsall the information availableon the data,
and¢ is the mostefficient methodfor summarizingthe infor-
mationon thedatawhenthe form of theprobabilisticmodel
for
o

thedatais known p 11q . However,therearesomepractical
limitations
r

to the likelihood method.When the numberof
parameters� is large,exploringthe likelihood surfaceis prob-
lematic.Findingthemaximumis alsodifficult. In addition,if
proper� careis not taken,misleadingresultsmay be obtaineds
see,. for example, t 12u ,÷ chapteron ‘‘Non-Linear Statistical

Methods’’v ,÷ and when thereare randomerrors in the mea-
surement. process,the likelihood function may not be com-
putable� w see. Sec.IV Cx .

We
[

thereforeproposethe methodof angularmoments,
whicha sacrificessomeinformation y as¢ comparedto the like-
lihood
r

functionz ,÷ but can give consistentand reliable esti-
matesF of the parametersin a clearway.

In the following section,we will showthat in the caseof
oneÿ angledistributionat least,the angularmomentsmethod
is
]

almostasefficient asthe maximumlikelihood method.In
Secs.
{

IV B andIV C we will discusstheeffectsof imperfec-
tions
y

in the measurementprocesson both the method of
angular¢ momentsandthe likelihood method.

FIG.
|

2. The ratio of the variances,V }�~ˆ i
� (t� )� � /� V� ���ˆ i

� (� u� ,M t)� � , of the
estimatesof � 1 ����� L � (1

� ���
) � H .

FIG.
|

3. The ratio of the variances,V ���ˆ i
� (t� )� � /� V� ���ˆ i

� (� u� ,M t)� � , of the
estimatesof � 2 ��� L  �¡ H .C

FIG. 4. The ratio of the variances,V
� ¢�£ˆ

i
� (� t� )� ¤ /� V� ¥�¦ˆ i

� (� u� ,M t� )� § , of the
estimatesof ¨ 3

© ª�« .
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A. Efficiency of the method of angular moments

The
®

methodof angularmomentsis describedin ¯ 3Ô ° . It
involvesfinding a setof weightingfunctionsw£ i(

�
u± ² )
 

suchthat,
givenM an angulardistribution ³ ib

´
i f
µ

i(
�
u± ¶ )
 
, whereu± · is

]
the vec-

tor
y

of angularvariables,

E
¸

w£ i ¹ u± º8» ¼ b
´

i ,÷ ½ 20
¾ ¿

wherea E
¸

stands. for the expectationvalue. Such a set of
weightinga functionsalwaysexists À 3Ô Á if

]
theangulardistribu-

tion
y

is of the form mentionedabove.An estimateof b
´

i is
then
y

b
´ˆ

i Â 1

n1
Ã
j
Ä Å

1

nÆ
w£ i Ç u± È j

Ä É . Ê 21
¾ Ë

The estimateis unbiased,i.e. E(
�
b
´ˆ

i)
  Ì

b
´

i ,÷ and its standard
errorº is equalto Í i /

u Î
n1 ,÷ where

Ï
i
2
£ Ð Ñ

w£ i Ò u± Ó8ÔÖÕ b
´

i × 2f
µ Ø

u± Ù8Ú du
ÿ Û

Ü Ý w£ i Þ u± ß8àâá 2f
µ ã

u± ä8å du
ÿ æ ç

w£ i è u± é8ê f
µ ë

u± ì8í du
ÿ î 2

£
. ï 22
¾ ð

The
®

information in a sampleof size n1 , o÷ n b
´

i ,÷ canbe mea-
sured. by the inverseof the varianceof b

´ˆ
i and¢ is equal to

n1 /
u ñ

i
2
£

. The information perm observation is then 1/ò i
2
£

. To
comparek the angularmomentsmethodwith the likelihood
method we will comparethe information per observation
witha thatof thelikelihood method,asdefinedin theprevious
section..

Let us taketheexampleof the transversityangledistribu-
tion
y

without any time information.The density is given by
Eq.
ó ô

10õ . We shallseethat in this casethemethodof angular
momentsF performsalmost as well as the maximum likeli-
hoodestimatein the regionof interestto us.

The information content in the maximal likelihood
methodF is as given in Eq. ö A1

÷ ø
. For the methodof angular

moments,the densityof u± ù cos(k ú ) i
 

s

pm û u± üÖýÿþ 3/8
Ô �������

3
Ô

u± 2 � 1 ��	 2 
 1 � u± 2 ��
 .
The weighting function for � may be chosento be w£ (

�
u± )
 � 5

�
u± 2 � 1, so that E

¸
(
�
w£ )
  ���

and¢ E
¸

(
�
w£ 2)
  �

(
�
24/7)��� (8

�
/7)(1��� )

 
. The ratio

I ����� u±  AM /
u
I !#"�$ u± % ML&

wherea AM representsthe methodof angularmomentsand
ML
'

representsthe maximal likelihood method( is
]

plotted in
Fig. 5.

The
®

plot showsthat for )�* 0.3,
s

the ratio of variancesis
more than 0.9. The expectedvalue of + (

�
0.8,�-�. 1.0) is

wella within this range.Thus,in the physicalregionof inter-
est,º themethodof angularmomentsseemsto performalmost
as¢ well asthe maximal likelihood fit.

When
[

we move to a higher numberof parameters,the
maximumlikelihood methodwill try to maximizethemulti-
dimensional
�

likelihood function and the complexity of the
methodF increasesrapidly with the number of dimensions.
The dimensionof the parameterspacedoesnot affect the
implementationof angularmomentmethod.Thereforeit is
useful,P at the least,as a methodfor providing good initial
estimates.º Additionally, if it is as efficient comparedto the
full likelihood method as the one-anglecasesuggests,it
couldk renderthe maximumlikelihood methodunnecessary.

B. Effect of measurement discretization

So
{

far, we haveassumedthat thedataaremeasuredto the
maximumF precisionavailable.In practice,that is not thecase
and¢ the dataareusually reportedas the midpoint of the in-
terval
y

in which the measurementactually fell. For example,
if
]

we are measuringa randomvariableX
/

to
y

a precisionh
0

,÷
that
y

meansthat all observationsfalling in the interval (xd *1 h
0

/2,
u

xd * 2 h
0

/2
u 3

are¢ reportedasxd * . Theresultingdiscretiza-
tion
y

of measurementscan lead to a systematicbias in mea-
surements,. becauseinsteadof recordingthe randomvariable
X,÷ we arerecordingthederived

ÿ
randomvariableX* witha the

probability� distributiongiven by

P
4 5

X
/

* 6 xd * 7�8
x9 * : h

;
/2
<x9 * = h
;

/2
<

f
µ >

xd ? dx
ÿ

.

Let us comparethe difference the meansof the true and
derived
�

randomvariable,i.e.,E
¸

(
�
X
/

)
 

andE
¸

(
�
X
/

* )
 
. It sufficesto

comparek termsof the form

x9 * @ h
;

/2
<x9 * A h
;

/2
<

x fd B xd C dx
ÿ

and¢ xd *
x9 * D h

;
/2
<x9 * E h
;

/2
<

f
µ F

xd G dx
ÿ

.

Now,
H

FIG. 5. The ratio of information content about I extracted
throughthe angularmomentsmethodand the maximal likelihood
method.The X

2
axisJ is the actualvalueof K .C
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x9 * O h
;

/2
<x9 * P h
;

/2
<

t fQ R tQ S dt
ÿ T

xd *
x9 * U h

;
/2
<x9 * V h
;

/2
<

f
µ W

tQ X dt
ÿ

Y
x9 * Z h

;
/2
<x9 * [ h
;

/2
< \

tQ ] xd * ^ f
µ _

tQ ` dt
ÿ

a
x9 * b h

;
/2
<x9 * c h
;

/2
< d

tQ e xd * fhg fµ i xd * j�kml tQ n xd * o f
µ prq

xd * s
t

O
u v

tQ w xd * x 2
£ y

dt
ÿ

z {
h
;

/2
<

|
h
;

/2
< }

t fQ ~ xd * ��� tQ 2f
µ ���

xd * ��� dt
ÿ �

f
µ ���

xd * � h
0 3
�

6
� .

Thus,theerror in discretizationis of theorderof thecubeof
the
y

lengthof the interval lengthof discretizationif the den-
sity. is ‘‘well behaved.’’If the � effectiveº � support. of the dis-
tribution
y

of X is � ap ,÷ b´ � ,÷ andthe precisionis h
0

,÷ thenusinga
crudek boundwe would get

�
E � X ��� E � X* �h��� �

b
´ �

ap �
h
0 h

0 3
�

6
� sup.

x9 ��� a� ,b
  ¡ ¢ fµ £r¤ xd ¥h¦

§©¨ b´ ª ap « h
0 2
£

6
� sup.

x9 ¬�­ a� ,b
  ® ¯ fµ °�± xd ²´³ . µ 23

¾ ¶

The
·

boundhasobviousmodificationswhenthediscretization
is doneover intervalsof varying length.

Thus the bias due to discretizationis of the order of the
square. of the bin widths. If the bin widths are sufficiently
small,. neitherthemomentmethodnor the likelihood method
willa be affectedsignificantly.

C.
¸

Effect of random error in measurements

Anothersourceof error in measurementscomesfrom er-
rors in the measuringinstruments.Supposethe true variable
wea want to measureis X

/
,÷ but instead,asa resultof random

error,º we measure

Y ¹ X º E,÷

wherea the error distribution hasdensity f
µ

E(
�

)
 

and is inde-
pendent� of X

/
. It is reasonableto assumethat the random

errorº hasmean0. Supposeits varianceis » E
2
£

. Then, E(
�
Y )
 ¼ E

¸
(
�
X
½

)
 
, but V(

�
Y )
  ¾

V(
�
X
½

)
  ¿ÁÀ

E
2 . In otherwords,themeanof

ourÿ measurementsis unchangedby therandomerror,but the
variance� is increased.The implication is that the methodof
angular¢ momentsis unaffectedby randomerrorasfar asthe
estimationº goes.However, the standarderrors of the esti-
mateswill be increased.

The
·

effect of randomerror on the likelihood methodis
moreF serious,becauseit relies on the exactÂ mathematicalF
form of the densityof the observedmeasurements.For ex-
ample,¢ when we are measuringtime and the transversity
angle,¢ the densityof the datawill no longerbe Eq. Ã 6� Ä but

Å

pm Æ u± ,÷ tÇ ÈÊÉ ,÷ Ë H ,÷ Ì L Í�Î 3
Ô
8
Ï ÐÒÑ L Ó 1 Ô u±

*
2
£ Õ

eÂ ÖØ× LtÙ
*

Ú 3
Ô
4
æ Û 1 Ü�ÝßÞ�à H

ñ á 1 â u±
*
2 ã eÂ äØå H

æ tÙ
*

ç
f
µ

E
è é u± ê u± * ,÷ tÇ ë tÇ * ì du

ÿ
* dt
ÿ

* . í 24î
In general,the likelihood function in thepresenceof random
noiseis in the form of an integralwith respectto the noise
terms
y

which maybeanalyticallyintractableunlessthedistri-
bution
Å

of the noiseterm is known andis in a simpleform.
If thenoiseterm is believedto besignificant,thenit may

be
Å

betterto usethe methodof momentsbecauseit is robust
to
y

the presenceof additionalrandomnoise.

V.
ï

THREE-ANGLE DISTRIBUTION

Given
ð

the enormousadditional amount of information
available¢ in the angulardata ñ as¢ comparedto the time data
alone,¢ we expectthat the informationembeddedin the mea-
surements. of the two additional physical angles ò and¢ ó
woulda be useful in reducingthe uncertaintyon the param-
etersº which can in principle be measuredby the time and
transversity
y

angledata.Moreover,theadditionaltermsavail-
able¢ for measurementin the threeanglecase ô see. Table I õ
allow¢ us the accessto additionalparameters.The quantities
A ö /u A0

÷ ,÷ A ø /
u
A0
÷ ù both

Å
magnitudesand phasesú ,÷ û mü and¢ the

CP-violating parameterý�þ need- the measurementof these
two
y

extraangles.The CP asymmetry¢
ÿ
eÂ � � HtÙ � eÂ ��� LtÙ � cosk �	�

i 
���
 � 25
¾ �

cank be measuredeven without tagging � withouta knowing
whethera the initial particle was a B

¨
s� orÿ B

¨
s� )  as long as we

havethis information.Using all the angulardata,therefore,
is highly recommended.Here, we perform some Monte
Carlo
�

simulationsto estimatehow well theaboveparameters
willa be known in the next few years.

At the end of Collider Detector at Fermilab � CDF
� �

run� II � expectedº integrated luminosity � 2 f
¾

b� 1),
 

we
should. have around 9000 fully reconstructed Bs�� J
�
/
u �

(
� �

l
� �

l
�  

)
  !

(
� "

K
# $

K
# %

)
 

events& 13' ,÷ whereasthis num-
ber
Å

is expectedto increaseby a factorof at least15 ( just
l

due
to
y

the integratedluminosity improvement) witha TeV33.Sets
ofÿ 10000and100000eventsweregenerated,with theaccu-
racy in the measurementsof time and anglestaken at * tÇ+ 0.1/
s ,

L and¢ -/.10 0.005.
s

The methodof angularmoments
and¢ time moments2

£
wasa usedto recalculateall the input pa-

rameters2 witha only the data,without any externalinforma-
tion
y 3

and¢ histogramswereplottedfor therecalculatedparam-
eters.º The simulationsusethe following setof parameters:

2The nth time moment of a quantity Q(t)
�

is defined as T (
4
n5 )
6

798
0
: ; dtt
= n5 Q(t)

�
. Thezerothtime momentis just thetime integrated

quantity.
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?
H
ñ@
L

A 0.8,
s A

� B
A0
÷ C 0.55,

s A
� D
A0
÷ E 0.45,

s

F
müG¯ H 10.0, I 1 J 0.5,

s K
2
£ L 2.5.

¾

This choice of parametersis consistentwith the corre-
sponding. onesreportedin M 10N for

o
B
¨ O

J
�
/
u P

K
#

* and¢ flavor
SU
Q

(3)
� R

exceptº for the lifetime differenceS . It is seenthat
varying� theseparametersdoesnot changethe essentialcon-
clusions.k

Figures
T

6–9 showthe resultsof thesesimulations.The Y
axis¢ hasbeennormalizedto get the ‘‘relative frequencyden-
sity,’’. suchthat the areaundereachhistogramis equal.The
following observationsshouldbe noted.U

i V As canbe seenfrom Fig. 6, the valuesof W H and¢ X
L

are¢ well separatedin the first stage Y 10000 eventsZ itself.
With
[

100000 events,the difference \ L ]/^ H cank be deter-
minedF to nearly _ 0.05

s `
L
ó to
y

more than 95% confidence
level.
r

By virtue of the central limit theorem,the methodof
momentF estimates is approximately Gaussian in large
samples.. The visual appearanceof the histogramsis consis-
tent
y

with this theoreticalproperty.Thewidth of theGaussian
distribution
� a

L b/c H is then d approximately¢ e inversely pro-
portional� to f (1

� gih
)
  j

see. Sec.III k and¢ hasa weak depen-
dence
�

on the actualvalueof l L m/n H as¢ long as o L p/q H is
small,. which is the casehere.So the abovequantitativein-
ferences
o

from this histogramshouldstay valid evenwith a
smaller. value of r L

ó sit
H
ñ . Determinationof 1 u/v H

ñ /
u w

L
ó to
y

0.05
s

is thuswithin reach.Eventhe small lifetime difference
predicted� recentlyin x 14y mayF be probedwith this.z

ii
] {

The
·

accuracy in the measurementsof | A� } /u A� 0
÷ ~ ,÷�

A � /
u
A0
÷ � is as indicatedin Figs. 7 and 8 respectively.The

predictions� of form factor models � 15� cank thus be directly
tested
y

here.

�
iii � The signs of cos(� 1)

 
and cos(� 2)

 
are important in

orderÿ to resolve a discrete ambiguity in the Cabibbo-
Kobayashi-Maskawa
� �

CKM
� �

angle¢ � ,÷ as pointedout recently�
16� . In fact, if ��� is small ( � 0.03)

s
as predictedby the

standard. model, thesesigns may be obtainedwithout any
time
y

measurementsas follows. With ��� neglected,- the time
integratedangularmomentsof the ‘‘Im’’ terms in Table I
giveM

��� AX ��� A ��� cosk ���
i �¡ £¢¥¤¯ /

u
sin ¦ ,÷ § 26̈

wherea ©«ª tan
y ¬ 1(

� ­¯ /
u ®

mü )
 

andX ¯±° 0,
s ²´³

. Sincesin µ is positive,
the
y

sign of thesemomentsimmediately gives the sign of
cos(k ¶

i ·i¸ ),
 

andgiven an upperlimit ¹ ofÿ º 0.1)
s

on the value
ofÿ » ,÷ will give thesignof cos(¼ i)

 
as long asthevalueof this

momentF ½ 26
¾ ¾

is
]

not closeto zero.Thus, just the sign of the
angular¢ momentsof the ‘‘Im’’ terms in Table I would be
sufficient. to resolvea discreteambiguity in ¿ . The relevant

FIG.
À

6. Determinationof Á H
Â and Ã L

Ä .C The X
2

axis has been
normalizedto Å L(actual)Æ 1.0.

FIG. 7. Determinationof Ç A È /� A0
É Ê .C The solid line is for 10000

eventsandthe dashedline is for 100000 events.

FIG. 8. Determinationof Ë AÌ Í /
�
A
Ì

0
É Î . The solid line is for 10000

eventsandthe dashedline is for 100000 events.
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angular¢ momentsÒ time
y

integratedÓ are¢ shownin Fig. 9. The
widthsa of thesemomenthistogramsdependonly weakly on
the
y

actual parametervaluesand the plot can be usedas a
guideM to estimatethe errorson the valuesof thesemoments
for
o

any otherparametervalues.Ô
iv
] Õ

When
[ Ö

H
× Ø/Ù

L
Ú ,÷

0
Û
Ü

dt
ÿ Ý

eÞ ß£à H
á tâ ã eÞ ä£å L

æ tâ çéè�êìë
L í/î H ï /ð ñ¯ 2

£
. ò 27

ó ô

The
·

ability to measureõ L
Ú ö/÷

H
× ,ø combinedwith the mea-

surement. of the time-integratedCP asymmetryù in Eq. ú 25ûü
evený without taggingþ woulda give a lower boundon ÿ�� . A

high
�

valueof ��� woulda be a clearsignalof physicsbeyond
the
�

standardmodel. In the next generationof experiments�
TeV33
·

or LHC� ,ø accuratevaluesof � i (
	
i

 �

1,2) will be ob-
tained
�

and ��
 cank be pinpointed.
Feasibility
�

studiesfor the measurementof � m� /
ð �

andù the
asymmetriesù in this decaymodeusingthe angularmoments
methodandweightingfunctionshavebeenmadein � 17� for
the
�

CMS detector,which claim that with L
� �

10f b
� � 1,ø rea-

sonable. sensitivity on the oscillations will be obtainedat�
m� /
ð ���

40.
æ

The angular momentsmethod has also been
usedP for theanalysisof B0

Û �
D* ���! andù B "!# D̄* 0

Û $!%'&
18(

andù theerrorestimation) TablesIII andIV in * 18+-, indicates
that
�

theangularmomentsmethodis almostasefficientasthe
best
Å

fit methodin estimatingthe observables,evenwith the
three
�

angledistribution.

VI.
ï

SUMMARY AND CONCLUSIONS

Using
.

a ‘‘reasonable’’ methodfor quantifying the infor-
mationin thedata,we haveshownthat the informationcon-
tent
�

in the datamay increaseby ordersof magnitudein the
region/ of interestif angularinformationis addedto the time

information.This is trueevenif thequantityto bemeasured,
e.g.ý thelifetime differencebetweenBs0L

Ú
andù Bs0H

×
,ø hasno direct

angularù dependence.We have also isolated ‘‘averaged’’
quantities1 for which this increaseof information is small,
whicha meansthat their measurementsare not helpedmuch
by
Å

the angulardata.
The
·

actualuseof theangulardatainvolvesthechoiceof a
statistical. methodto summarizethedata.Thestandardmaxi-
mumlikelihood methodis theoreticallythe ‘‘best’’ whenthe
number of data points is very large. However, when the
number- of parametersto beestimatedis large,thenumerical
maximization of the likelihood may be difficult, and if
proper2 careis not taken,misleadingresultsmaybeobtained.
Also,
÷

if therearerandomerrorsin themeasurementprocess,
then
�

the likelihood function would be an integral that may
not be mathematicallyknown or, if known,not evaluablein
aù closedform.

The
·

methodof angularmomentsis very straightforward
to
�

implement,and the connectionsto the parametersto be
determined
3

are more transparent.It is consistentin the sta-
tistical
�

sensethat, with infinite data,it will nail the param-
etersý down. Unlike the maximum likelihood method, it is
robust/ underrandomerrorsof measurement.In theoneangle
casek at least,as we have shown explicitly, it is almost as
efficientý asthe maximumlikelihood methodin the regionof
interest.
4

Both methodsare subject to discretizationerrors
whicha will be small if the interval of discretizationis small.
We
[

thereforerecommendthe useof the methodof angular
momentsfor extractinginformation, at least for the initial
estimates.ý If necessary,they can be refinedwith the likeli-
hood
�

method.Even if the maximum likelihood method is
used,P optimizationroutinesrequireconsistentstartingvalues
whicha canbe providedby the methodof angularmoments.

We
[

haveusedthe angularmomentsmethodon simulated
sets. of datato estimatethe accuracyto which it may deter-
mine5 the quantitiesof interest.In the caseof the decayB

6
s07 J

8
/
ð 9

(
	 :

l
; <

l
; =

)
> ?

(
	 @

K A K B )
>
, we find that in the first stage

ofC experimentsD CDF
E

II F ,ø this methodshouldbe sufficientto
giveM reliablevaluesof G L HJI H ,ø K A� L /ð A� 0

Û M andù N AO P /
ð
A
O

0
Û Q . This,

combinedk with the untagged CP asymmetryù measured
through
�

the samedecay,would give a lower boundfor R�S ,ø
whicha is expectedto be very small in the standardmodel.
The
·

signsof cos(T 1)
>

andcos(U 2
V ),> which areusefulin resolv-

ing
4

a discreteambiguity in the CKM angle W ,ø canbe deter-
mined in the next stage X TeV33Y ,ø alongwith moreaccurate
determination
3

of Z�[ ,ø which may point unambiguouslyto
new- physics.
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APPENDIX: QUANTIFYING INFORMATION
IN AN EXPERIMENT

The
·

notion of ‘‘information’’ that we have usedin this
paper2 is derivedfrom statisticaltheory.A goodreferenceis}
11~ . Supposean experimentis performedto determinethe

value� of the parameter� . The � averageù � information
4

in the
experimentý to discriminatebetweendifferentpossiblevalues
ofC the parameterwhenthe true valueof the parameteris � 0

�
is
4

measuredby

I ��� 0
� ,ø X ����� l

;̈ ���
0
� � p� � xd ��� 0

� � dx
�

,ø � A1�
oftenC called the expectedÞ Fisher information.Here X is the
randomvariabledenotingthedatausedfrom theexperiment,
p� (
	
xd ��� )

>
is the probability of X

�
givenM the parametervalue � ,ø

andù l
;
(
	 �

)
> �

log� p� (
	
xd  ¢¡ )

> £
is the logarithmiclikelihood function.

Note
H

the dependenceof the expectedinformation in the ex-
periment2 on the true valueof the parameter,¤ 0

� ,ø andon the
data
3

used,X. Both ¥ andù X
�

may5 be vector valued. This
measureof information possessesthe additivity property;
i.e.,
4

if X
�

1 andù X
�

2
V denote
3

datafrom two independentexperi-
mentsaboutthe sameparameters,then

I
¦ §

0
� ,ø ¨ X� 1 ,ø X� 2 © ª I

¦ «�¬
0
� ,ø X� 1 ­�® I

¦ ¯±°
0
� ,ø X� 2 ² .

In
¦

particularthis impliesthatif n³ independent
4

andidentically
distributed
3

datapoints,X1 ,ø X2 ,...,ø Xn´ ,ø arecollectedfrom an
experiment,ý the expectedinformation in the whole experi-
mentis n³ times

�
theexpectedinformationin oneobservation:

I µ 0
� ,ø ¶ X� 1 ,ø X� 2 ,...,ø X

�
n´ · ¸ n³ I

¦ ¹±º
0
� ,» X� 1 ¼ .

Additionally, it canbeshownthatfor anyestimatorof ½ ,» say¾ˆ n´ ,» basedon a sampleX1 ,» X2 ,...,» Xn´ ¿ the
À

Cramér-Rao in-
equalityÁ Â ,»

V Ã±Äˆ n´ Å�Æ 1

I Ç 0
� ,» È X1 ,» X2 ,...,» Xn´ É Ê

n³
I Ë±Ì 0

� ,» X1 Í ,» Î A2Ï

wherea V is the varianceand Ðˆ n´ is basedon a sampleof size
n³ . Whenthe samplesizeis largeandcertainregularitycon-
ditions
Ñ

hold, the lower boundin the varianceis achievedby
the
À

maximumlikelihood estimate.It is in this sensethat the
maximumÒ likelihood estimateis the ‘‘best.’’

It
Ó

canalsobe shownthat whenwe haveindependentand
identically distributeddatapoints,for largesamples,

l
; Ô±Õ×Ö�Ø

l
; Ù±Ú

ˆ Û�ÜÞÝ�ßáàãâˆ ä l;̇ å±æˆ ç�èÞé±êáëãìˆ í 2
V
l
î̈ ï±ðˆ ñ ò A3ó

wherea ôˆ denotes
Ñ

the maximumlikelihood estimateof õ . By
construction,k l

î̇
(
ö ÷

ˆ )
ø ù

0
ú

andhence

l
î û±ü×ý�þ

l
î ÿ��

ˆ
�������
	��

ˆ 
 2l
î̈ ���ˆ � . � A4

÷ �

In otherwords,thelogarithmiclikelihood surfaceis approxi-
matelyÒ quadraticandits shapecanbe describedby the posi-
tion
À

of the maximum( �ˆ )
ø

andthe curvatureof the logarith-
micÒ likelihood in theneighborhoodof themaximum � lî̈ (ö �ˆ )

ø �
.

The latter describeshow fast the logarithmiclikelihood falls
off;� the larger the value of l

î̈
(
ö �

ˆ )
ø
, the steeperthe fall and

stronger. is the evidencein favor of valuesnear the maxi-
mum.Ò For this reason,l

î̈
(
ö �

ˆ )
ø

is also usedas a measureof
information,
�

but sinceit variesfrom sampleto sample,it is
calledk the observed� Fisherinformation. Its averagevalue is
the
À

expected� Fisherinformationmentionedabove.
While
[

we have definedthe information for a scalarpa-
rameter,� the generalidea can be extendedto vector-valued
parameters.� Whentherearetwo or moreparameters,the ap-
propriate� measureof expectedinformation is the expected
information
�

matrix which is the expectedvalue of the Hes-
sian. of thelogarithmiclikelihood asin Eq. � A1 . See! 11" for
details
Ñ

andadditionalreferences.
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